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Abstract. We present a construction of a Banach manifold on the set of faithful nor- 
mal states of a von Neumann algebra, where the underlying Banach space is a quantum 
analogue of an Orlicz space. On the manifold, we introduce the exponential and mixture 
connections as dual pair of afhne connections. 



1. Introduction 

An information manifold is a family of states of some classical or quantum sys- 
tem, endowed with a diffcrcntiablc manifold structure. For finitely parametrized 
families of probability distributions, the geometry of such manifolds and its ap- 
plications in parameter estimation is already well understood, see for example the 
books [2 El- 

The non-parametric version was introduced by Pistone and Sempi |S| HI , based 
on the theory of Orlicz spaces. For the quantum version, some proposals for infinite 
dimensional manifold structure can be found in pl llOlITT] . 

The aim of this paper is to introduce a differentiable manifold structure on the 
set of faithful states of a quantum system, represented by a von Neumann algebra 
M.. Moreover, we want this manifold to be a quantum counterpart of the Pistone 
and Sempi construction. 

We use an approach similar to Grasselli jS] in the commutative case: we define 
an Orlicz norm on the space of self-adjoint operators in AA and take the completion 
under this norm to be the underlying Banach space for the manifold. The norm 
is defined by a quantum Young function, as in The definition of a Young 

function on a Banach space, together with some results on the associated norms, 
can be found in Section|31 For a faithful state </3, the quantum Orlicz space and 
its centered version i?(p,o are introduced in Sectional The definition of the related 
Young function is based on the relative entropy approach to state perturbation. We 
treat the dual spaces in Section The main result is contained in Section |S1 where 
the manifold structure is introduced and, moreover, the exponential and mixture 
connections are defined as a pair of dual affine connections on each connected 
component of the manifold. 



2 



ANNA JENCOVA 



2. Preliminaries. 

We recall some properties of relative entropy and perturbed states, that will be 
needed later. See W for details. 

Let be a von Neumann algebra in standard form. For lu and if in A4^ , the 
relative entropy is defined as 



-(log(Ay,^^)^^,^„) if suppcj < supptp 
oo otherwise 



where is the representing vector of in a natural positive cone and A;^.^^ is the 
relative modular operator. Then S is jointly convex and weakly lower semicontin- 
uous. Let us denote Vip :— {uj G S{llj, ip) < oo}, then is a convex cone. We 
will need the following Donald's identity 

(1) + 5] ^) = ^ , ^) 

i i 

where ipi € Mt^ i = 1, . • • and V' = Since S{ipi,ip) is always finite, it 

follows from this identity that tpi G V^p if and only if tpi £ V^p for all i. 

Let S* be the set of normal states on M and let S^p :— {oj G 6*, S{uj, (p) < oo}. 
Then is a convex set and generates Vip. From QJ, we get 

(2) 5(^A, + A5(^i, ^Aa) + (1 - A)5(V'2, ^a) = ^Si-^i,^) + (1 - X)S{'^2,V^) 

where tpi, 'ip2 are normal states and ?Aa — A^Ai + (1 — ^)4'2, < A < 1. As above, it 
follows that ■0A G Stp if and only if both V'li ^^2 G 5;^, m other words, is a face 
in 6*. For C > 0, we define the set Sc '■= {w, S{uj,ip) < C}. Then Sc is convex 
and compact in the (t{A4^,, Ai) topology. 

Let us suppose that ip is a. faithful normal state on A4 and let hhe a. self-adjoint 
element in M. The perturbed state [(p'^] is defined as the unique maximizer of 

(3) sup {w{h) — S{uj,ip)} 

Then [ip^] is a faithful normal state and S{[(p'^],(p) is finite. Let Cy(/i) be the 
supremum in that is 

(4) c^ih) = [ip'^]{h)-Si[^%ip) 
It is known that 

(5) ipih) <c^ih) Klog^ie'') 
Moreover, we have 

(6) Lo{h)-S{LO,ip)=C^{h)-SiiO,[ip'']) 

for any self-adjoint h € A4 and w G 6,. Let h,k be self-adjoint elements in A4, 
then the chain rule [(^s^'+'^J = [[i^'']'^] and 

(7) Cp{h + k) ^ C[^h]{k) + Cp{h) 

holds. Let now be the vector representative of <p and let (p'^ G A4f be the 
functional induced by the perturbed vector 

f/i pi(logA^+/i)^ _pC^(/i) A 1/2 f. 

Then c^(/i) = log(y5''(l) and [ip'''] = ^''/(/^''(l). Moreover, if ip^ = v''', then h ^ k. 
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3. Young functions on Banach spaces and the associated norms. 

Let y be a real Banach space and let V* be its dual, with the duality pairing 
{v, x) = v{x). Recall that any convex lower semicontinuous function V MU{+cxd} 
is lower semicontinuous with respect to the cr(y, l/*)-topology. 

The Young function. We will say that a function <i> : — > M U {00} is a Young 
function, if it satisfies: 

(i) $ is convex and lower semicontinuous, 

(ii) ^{x) > for allx eV and $(0) = 

(iii) <i>(x) = for all x £ V 

(iv) if X ^ 0, then limt^oo ^{tx) = 00 

Lemma 3.1. Let ^ be a Young function. Let us define the sets 
Co {x eV,<i>{x) <l} 

Lq, := {x e V, Els > 0, such that ^(sx) < 00}. 

Then Cq, is absolutely convex and L,^ — U„nC$. In particular, L$ is a (real) vector 
space. 

Proof. Let x,y G C$ and let a,/3 6 M, such that \a\ + |/3| < 1. Put 7 — 
1 - |a| - |/3|, then 

^{ax + (3y) = $(|a|sgn(Q:)a; + \(3\sgn{l3)y + 7O) < |Q;|$(a;) + \P\'^{y) < 1 
hence ax + j3y £ C$ and C$ is absolutely convex. 

Let now x G L^ and let s > be such that $(sa::) = K < 00. Choose m G N 
such that ni > max{l/s, K^/s}, then by convexity 

a;) = ^(—sx) < —^(sx) = — < 1 
m ms ms m,s 

and X G mC^. Since obviously nC$ C L$ for all n, we have L$ = U„nC$, which 
clearly implies that L$ is a vector space. □ 

Let us recall that the effective domain 

dom($) = {x eV, $(.t) < 00} 

is a convex set. Any convex lower semicontinuous function is continuous in the in- 
terior of its effective domain, . Clearly, i$ is the smallest vector space containing 
dom($). 

In the space L$ , we now introduce the Minkowski functional of C$ , 

\\x\\^ \ni{p > 0,a; G pC^]. 

Since is absolutely convex and absorbing, [| • ||$ is a seminorm. Moreover, 
||a;||$ — means that ^{tx) < 1 for all t > 0. By the property (iv), this implies 
that a; = 0. It follows that || • ||$ defines a norm in L$. Let us denote by the 
completion of L$ under this norm. 

Lemma 3.2. Let x G Then \\x\\^ < 1 «/ and only if ^{x) < 1. 
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Proof. If \\x\\q, < 1, then x G C$ and ^{x) < 1. Let now = 1 and let 

i„ < 1 be a sequence converging to 1. Then <i>(t„x) < 1 for all n and, by lower 
semicontinuity, <i>(x) < liminf„ $(i„a;) < 1. Hence ||a;||$ < 1 implies < 1. On 
the other hand, if <i>(x) < 1, then x £ (7$ and clearly ||x||$ < 1. □ 

Lemma 3.3. Let x e L$. Then \\x\\^ < 1 implies $(a;) < ||x||$ bkc? ||a;||<5 > 1 
implies ^(x) > ||a;||$. Moreover, if ^ is finite valued, then ||a;||$ ~ 1 if and only if 
$(x) = 1. 

Proof. Let < 1. By convexity of $ and Lemma [3.21 

Let now > 1, then <i>(a;) > 1. If $(a;) = oo, then the assertion is obviously 
true. Let us suppose that ^(x) is finite. The function t i— > ^{tx) is convex and 
bounded on < 0, 1 >, hence continuous on (0, 1). It follows that <I>(te) — 1 for some 
t in this interval and clearly t = -prjf^- We have 

1 = <^{tx) < t<^{x) 

and hence \\x\\^ < This also proves that last statement. □ 

The conjugate function. Let V* be the dual space. Let the function ^* : V* ^ 
R U {oo} be the conjugate of 

= sup{w(x) - ^(x)} = sup {v{x) - ^{x)} 

xeV xeDoin(*) 

The function <&* is convex, lower semicontinuous and positive, = $*(— w) and 

4>*(0) = 0. But, in general, <&* is not a Young function: consider the case when 
$(0) = and ^{x) = oo for all x ^ 0, then $ is a Young function, but its conjugate 
is identically equal to on V* and the condition (iv) is not satisfied. 

Let (dom(<I>))-'- be the orthogonal subspace to dom($) in V*, that is 

(dom($))-'- := {v eV*, v{x) = for all x e dom(<i>)} 

Then (dom($))^ is a closed subspace in V* . Let V be the quotient space V = 
^*/(doin(<i'))^ ■ If sind V are elements in the same equivalence class, then 

^*{v)= sup {v{x) - ^{x)} ^ sup {u(a;) - $(a;)} = 

a;Sdom(<I>) 2;edoin(il>) 

and $* is well defined as a function on V. 

Lemma 3.4. $* : — * R U {oo} is a Young function. 

Proof. It is easy to see that $* satisfies (i), (ii) and (iii) from the definition of a 
Young function. Moreover, it follows from the definition of the conjugate function 
that 

(8) \v{x)\ < + for al\xeV,v eV 

Let V ^ V, V 0. Then there is an element x G dom($) such that v{x) ^ 0. It 
follows that ^*{tv) > \tv{x) \ — ^{x) for all t and (iv) is satisfied. □ 

We will define C$*, || • ||$* and -B$* in the same way as for $. 
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Lemma 3.5. (Holder inequality). 

|w(a;)| < 2||a;||<[,||u||$. for all a; G w G 

Proof. Let X e C$, u e C$. , then by © 

\v{x)\ < + $*(v) < 2 

Let X e L$, V e By Lemma 13.21 y^j^ G C**, ^^rf^ ^ ^'^"^ therefore 

< 2||x||$ ||t;||(i.» . Clearly, the inequality extends to a; G v G i?**. □ 

The second conjugate. If is a Banach space and H C E is a. closed subspace, 
then the dual of the quotient space (E/H) can be identified with H^. It follows 
that V* nV — (dom(<I>))-'--'-, which is nothing else than the closure of i$ in V. Let 
us denote this space by V. 

As before, we can find the conjugate function to <&* : ^ R U {+00} with 
respect to the pair (V, V*). Note that for x in V, we have 

sup{w(a;) - $*(«)} = sup {v{x) - = ^**{x) 

where $** is the second conjugate to $ : V RU{+oo}. Since is convex and 
lower semicontinuous, <I>**(x) = <I>(x) on V, It follows in particular that the 
restriction of <&** to is a Young function. 

It is clear from Holder inequality that any x G L$ defines a bounded linear 
functional on B^-. Let HxjlJ,. be its norm in then by Lemma l3. 21 

\\x\\l, ^ sup{\vix)l'S>*{v) < I}. 

Similarly, if w G , then v G and we have 

\\v\\l^sM\vix)mx)<l} 

Lemma 3.6. For x G Lq,, we have l|a;||$ < |la;l||,. < 2||x||$. Similarly, if v € 
then \\vU, < Ml < 2\\vU,. 

Proof. Let v G By Holder inequality, ||t;||^ < 2[|u||$.. Let now \\v\\l = 1, 

then for x G C$ we have 

v{x) - $(x) < 1. 

On the other hand, for x G dom($), such that ^{x) > 1, we get from Lemma f3. HI 

v{x) - < v{x) - \\x\\q, < 0. 

It follows that ^*{v) < 1 and v G C*., hence < 1. Therefore, ||w||<i.«- < \\v\\l 

for all V G L$.. The proof for x G L$ is the same, using the fact that <I> is the 
conjugate of □ 

Proposition 3.1. B^* C _B* and L*. — V Ci B^. Similarly, B^ C _B*. and 
L<i, = F n BJ. . 

Proof. As we have seen, is a vector subspace in B^ and the norms in 
L$. and B^ are equivalent, hence C _B|,. Let now v ^ V Ci B^ be such that 
||u|||, = 1. Then <!>*(«) < 1, exactly as in the proof of Lemma f3. 61 It follows that 
for all w G V" n B|, < 1 < 00 and v G Again, the proof for i$ 

and Bq, is the same. □ 
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Let $ be a Young function such that is an interior point in dom($). Then the 
function $ is continuous in 0, therefore there is an open set U containing such 
that U C C$. It foUows that C$ is a neighborhood of in y, hence it is absorbing 
in V 

(9) V = U„7iC$ — i$ (as sets) 

Since C$ is a convex body (that is, is a topological interior point), its Minkowski 
functional || • ||$ is continuous with respect to the original norm ( 7 , p. 182). It 
follows that we have the continuous inclusion V C Further, since dom($) has 
non-empty interior, (dom((f>))-'- — {0} and V — V* . Clearly also V = V. 

Proposition 3.2. Let G intdom($). Then y □ 5$ C and Lq,. = 5$. = 
Bl C V*. 

Proof. By each x e V is in L^, and by continuity, \\x\\^ < K\\x\\, for some 
fixed K > 0. Let v e B"^, then 

Hx)\ < \\v\\l\\xU < K\\v\\l\\x\\ for xeV 

hence v ^ V* — V and < -fCHuH^. The statement now follows from Proposition 



4. The spaces B^ and B^,o. 

Let Ais be the real Banach subspace of self-adjoint elements in A4, then the 
dual A^* is the subspace of hermitian (not necessarily normal) functionals in 
We define the functional : Ml ^ R U {oo} by 



S{uj, If) if a; e 6* 
oo otherwise 



Then Fip is convex and lower semicontinuous, with dom(i^;^) = S^. It follows from 
Q that is strictly convex. Its conjugate F* is 

F;{h)^ sup{cu{h)-F^{uj)} = c^{h), he Ms 

Hence c^p is convex and lower semicontinuous, in fact, since finite valued, it is 
continuous on Ms- We have c* = F** = F^ on A^*. Note also that 

(10) c^{h + \) ^ c^{h) + X, VAeM 

We define another convex and lower semicontinuous functional on yVf*, namely. 

Then the conjugate functional is 



S{Lu,ip) -Lu{l) iiiueMt 
oo otherwise 



F*{h) = snp {Lj{h)^ S{lj,(p)+lj{1)} ^ sup {XLj{h) - S{\uj,ip) + \} 
= sup {X{uj{h) ~ S{uj,(p)) - X log X + \} ^ 

we6.,AGR+ 

= sup {A(c^(/i) + 1) - A log A} = e^^C') = ip'\l) 

A6E+ 
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Again, h f'^i^) is convex and continuous and F** — F^p. Next, we define a 
Young function on A4s- 

Let $^ : Ms ^ be defined by 

Lemma 4.1. is a Young function. 

Proof. The property (i) from the definition of a Young function follows from 
the properties of h ^ ^^i^)- Since ip''{l) = e"^''^^ > e"('')-'S'('^''^) for all normal 
states oj, we have 

(11) > cosh(tj(/i))e-^('^''^) - 1 
In particular, 

(12) $^(/i) > cosh(v?(M) - 1 > for all h 

Since obviously $i^(0) = 0, (ii) follows. Let now h be such that u!{h) ~ for all 
ui G Sip, then by definition, Cip{h) = and ip — cp'^, hence h = 0. Therefore if ft- 7^ 0, 
then there is a state ui ^ such that uj{h) ^ and then limt^oo cosh(tw(ft)) = 00, 
this implies (iv). Property (iii) is obviously satisfied. □ 

Let Cp := C$^, B,^ B^^ and || • := || • 11$^. Since dom^^p = Ms, 
we have by Proposition 13.21 that Ms !^ -Bip- If is the conjugate of then 

b;^b^.^ ^m*s. 

Let now h G Ms, such that \\h\\ip = t > 0, that is, 



If a; is a state, then by ({TT|l . 



(13) cosh(^-^) < 2e 

If S Sip, then |(j-'(ft.)| < rf, where c > is some constant depending on S{uj, ip). It 
follows that each uj G Sip extends to a continuous linear functional on Bip . Moreover, 
for C > 0, Sc is an equicontinuous subset in _B*. 

Let Msfi C Ms be the subspace of elements satisfying ip{h) = 0. Then by 
putting uj = ip in we get 

c^{h)^S{p, [^"])>0 

Let us define 

$y,o(fe) = ^ — -: heMp,o 

Then it is easy to check that ^ip.o is a Young function on Mip^. We have 
Lemma 4.2. Let /i G A^s,o- Then 

$^,o(/i) < < 6^*-° - 1 

Proof. The first inequality follows from a < e° — 1 for a > 0, the second follows 
from X + y < 2xy for x,y > 1. □ 

Let us construct the Banach space B^^ g =: -81^,0 and let || • \\,pfi :— || • 11$^ q. 
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Proposition 4.1. The norms \\ ■ \\^^o and \\ ■ ||^ are equivalent on Ais,o- 

Proof. Let us denote C^^o := We show that 

(14) ilog 2 C^,o C n C C^^o 

Let /i G C^_o and t — ^ log 2. Then by convexity, ^ip^o{th) <t — ^ log 2 and hence 

^^{th) < e2*^.«(*'') - 1 < 1, 

which implies tC^^ C C,^ n Ais,o- The other inclusion follows from the first in- 
equality in Lemma [4. 21 It follows from p4|l that for h G J^s,o, 

\\h\\^,o<\\h\\^<r^\\h\\^,o 

□ 

Note that since (p ^ S^, ip extends to a bounded linear functional on B^. 
Clearly, the completion of Msfi under the norm || • ||y is the Banach subspace 
{h € B^, (p{h) = 0}. It follows from the above Proposition that B^^ q can be 
identified with the subspace of centered elements in B^. 

5. Extension of c^. 

Since S^p C -B* C A^^, the restriction of is a strictly convex lower semicon- 
tinuous functional on _B*, with effective domain S^p. Its conjugate F* is a lower 
semicontinuous extension of dp to B^p, moreover, F** = F^p. We show that this 
extension has again values in R and is continuous. 

Lemma 5.1. Let the sequence {/i„}„ C Ms be Cauchy in the norm \\ ■ \\^. Then 
the sequences {cy(/i„)}„ and {S{[ip'^"], (p)}n are bounded. 

Proof. By we have for all n 

p{K) < c^iK) 

Since ip{hn) converges, Cp(hn) is bounded from below. Further, let be such that 
\\h„ — llip < 1 for all n > uq, then 

Uj{hn) - S{llI, (fi) < Uj{hnf,) + )< ||/i„J|+log2 

for all such n and w G S^p. It follows that {cy(/i„)}„ is bounded. 

If is Cauchy, then the sequence {t/i„}„ is also Cauchy for alH G M and 

there are constants At, Bt, such that 

At < c^{thn) < Bt, Vn 

On the other hand , we have 

^c^{tK)\t=i = [V>^"]ihn) 

By convexity, 

c^ithn) > c^{hn) + {t- l)^c^ith„)\t=i >Ai + {t- l)[(p^"](/i„) 
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For arbitrary fixed t > 1, we get 

Boundedness of S{[(p'^'^], (p) now follows from 

0<5([(p""],</.) = [(^""](/i„)-c^(/i„). 

□ 

Theorem 5.1. Let {hn}n be a sequence in A4s, converging to some h in B^. Then 

(15) limc;^(ft,„) = sup {uj{h) ~ S{uj,(f)} 

and there is a unique state ip € S^p such that the supremum is attained. The state 
tp is faithful. Moreover, limn S{[(p'^"], ip) = S{tjj,(p), lim„ (/i„)] — ip{h) and 
lim„5'('0, [v''"]) = 0. In particular, [(/s'*"] converges to tp in norm. 

The state ip will be denoted by Yp^] and the limit lim„ c^p{hn) ~. c^{h). 

Proof. This proof is similar to the proof of Theorem 12.3. in 8 . 

By Lemma [5.11 there is some C > such that [(^''"] G S^^c for all n. The 
set <S<^,c is weakly relatively compact in 6* and hence there is subsequence [(^''"fc] 
converging weakly to a state ip € c- We will show that [(/3''"fc](/i„^) converges to 

Since Sc is an equicontinuous subset in B* , uj{hn) converges to ^{h) uniformly 
for all Lu G S^^c- This implies 

\[ip^-^]{hn,)-[ip^-^]{h)\<e 

for sufficiently large n^. We further have 

for sufficiently large m and rife . Putting both inequalities together, we get [(^''"fc ]{hn^) 

Let uj ^ S^p. By definition, 

[if'^-^KhnJ - Siiip'^"^],^) = c^ihnj > u;{h^J - Sico,^) 
By weak lower semicontinuity of the relative entropy, we get 

(16) i){h) - S{tp, ip) > limsupc^(/i„^,) > uj{h) - S{uj, ip) 
and thus ip is a maximizer of (|15|l . On the other hand, 

From this and ((T^ . it follows that ^{h) — S{^/j,p) — limc^(/i„j^). It also follows 
that 

limsup S{[ip'^"i'],(p) < S{ip,(p) 
and this, together with lower semicontinuity implies that S'([(^''"'=], f ) converges to 
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To show that such ijj is unique, suppose that ip' is another maximizer, then for 
V'A := H + (1 " A)V'', < A < 1, we have 

i^{h)-s{i^,^) > ^,{h)-s{^,,^) > Mh)-xs{ij,^)-{i-x)s{^/y,^) = 

hence ip\ is a maximizer as weh and, moreover. 

By strict convexity, his imphes that = ip' . It also foUows that the whole sequence 
[(ys'*"] converges weakly to "p. 

Using ©, we have 

Siy^yip) ^ liminf S'((^, = lim C;p(/i„) — (p{h) < oo 

n n 

This implies that supp < supp i/) and ip is faithful. Finally, by taking the limit in 
the equality, 

we get lim„ S'(V', [^p''"]) ~* 0. □ 

Corollary 5.1. Let hn be a sequence in B^, then /i„ if and only ifc^ithn) — > 
for all t e M. 

Proof. Let /i„ be such that c^{thn) = log(^*''"(l) converges to 0, then 
converges to 1, for all t e M. Therefore, for each e > 0, ^^pi^) < 1 for large enough 
n, that is, ||/in||i^ — ^ 0. The converse follows from Theorem 15. II □ 

In particular, if /i„ G A4s is a sequence converging strongly to h, then /i„ 
converges to /i in || • ||^, see jS|. 

6. The dual spaces. 

The dual space ^ is obtained as the quotient space Ml/{(p}. Each equiva- 
lence class in A4* Q can be identified with its unique element v satisfying = 0. 
By Proposition 13. 21 we have B^ q = 5$. ^ C -^s.o- Proposition 14. II B^ q is the 

same as B^/{ip}. 

Lemma 6.1. Let he the restriction of c^p to B^^q. Then the conjugate functional 
c*(w) = F^{v + i^). 

Proof. Let v e B*^, v{l) = 0. Then by (P)) . 

F^p{v + '.p) = s\rp {v{h) + iplh) - c^{h)} ^ 

= sup {v{h - ip{h)) - c^{h - (p{h))} = c* (w). 

heB,^ 

□ 

Let y be a Banach space and V* its dual. For any subset D c V, let D° be 
the polar of DinV*, that is, D° = {t; e F*, v{h) < 1, V/i G D}. We will need the 
following lemma. 
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Lemma 6.2. Let F : V be a convex functional such that F{0) = and let 

F* be its conjugate. Let D = {x £ V, F{x) < 1} and D* ^ {v e V*, F*{v) < 1}. 
Then 

-D* C D° C D* 
2 - - 

Proof. If V e D*, then v{x) < F{x) + F*{v) < 2 for all x e D and therefore 
e D°. Let now v e D°, then 

v{x) - 1 < < F{x) ioi X e D 

If F{x) > 1, then by continuity there is some t G (0, 1) such that F{tx) = 1. Since 
tx e D, v{tx) < 1, moreover, by convexity, 1 — F{tx) < tF[x). Consequently, 

v{x) - 1 < i - 1 < F{x) 
It follows that F*{v) < 1 and v £ 13*. □ 

Let us denote if^,o '■— {h S S^^oj '^i^.o^i) ^ !}■ Then K^^f^ is the closed unit 
ball in S<p,o- Its polar K'^ ^ is the closed unit ball in BJ^o- 

Proposition 6.1. Let v be an element in K°q. Then there are states lui, loi, 
satisfying S{uJi, ip) + S'(cj2, ^p) < 1, such that v ~ uji — uj2. 

Proof. Since c,^ is continuous on B^^, the set D :— {h B^^o, c^{h) < 1} 
is closed. Let us endow the dual pair B^p^ and B^ q with the a{B^fi,B^ Q) and 
^ffi) topology, respectively. As D is convex, it is closed also in this weaker 
topology. The set D n —D is absolutely convex and closed, moreover, 

(17) Dn-DC K^^o C 2{D n -D), 
as can be easily checked. Then 

^{Dn-Dr cK;^,c{Dn-Dr 

By [7], {D n —D)° is the closed convex cover of D° U —D°, which is the same as 
the closed absolutely convex cover of D° . Moreover, since D° is the polar of a 
neighborhood of 0, it is compact ([7]). Therefore its absolutely convex cover is also 
compact, hence closed. It follows that {D n —D)° is the absolutely convex cover of 
D°. 

By Lemma [6. II and IHT^ 

and this implies 

(18) 4^^^ conv {Si — (p) K° q C abs conv {Si — ip) 

Let now v £ abs conv {Si — (^), then there are elements pi . . . ^Lp^ G >Si, and 
real numbers Ai, . . . , A„, ^„ |A„| = 1, such that v — \n{fn — f)- Let m < n 
be such that Ai > for i < m and A; < for i > m. Then v ^ lui — 102, with 

m n 
UJi ='^XiPi + {1 - X)p, W2 = ^ \\i\pi+Xp 
i—1 2— m+1 
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where A — moreover, S{uji,ip) < ^™ AiS'(v3i, (^) < A, and similarly, 



Theorem 6.1. (i) B*^=V^- and B*^ n Mt = V^. 
(ii) = U„n(5i 

Proof, (i) Let w G _B* and lei v ^ uj — uj{l)Lp. Then v can be seen as an element 
in B'^ Q. Let ||wl|^_o = ^' t^e'iy by Proposition II there are a^i,Ci;2 6 >5i, such that 
J = uji — UJ2, that is, Lj = tuji + ll'{1)(P — tuj2- Since wi, W2, G T't^ and is a 
convex cone, it follows that B* Pip — Vip. On the other hand, we have already 
shown that if w e 5^, then w e B* and hence ~ C B* . Let e B* n 
then we get cu + tu!2 = tuji + uj{l)(p. It follows that uj + tuj2 G Vip, and Donald's 
identity implies that u must be in V^p. 

(ii) By Proposition 16. II 



The equality now follows from the fact that the closed unit ball is absorbing in 



In the rest of this section, we find an equivalent norm on _B* q. 
We define a function / : S» x 6» — > M+ by 

/(W1,W2) = S{uJi,ip) +S{UJ2,V)- 

Clearly, / is weakly lower semicontinuous and strictly convex. Further, let v G 
S, — S» and let Ly — {(lo\^ll12) G S* x 6,, ujx — lo2 = w}. Then is a weakly 
closed subset in x M.^. 

Lemma 6.3. Let v ^ Sip — Sip. Then the function / attains its minimum over Ly 
at a unique point {v+,V-) G Ly. 

Proof. By assumptions, v = toi — 102 for some uji,u}2 & S^p. Let C > be such 
that wi, 0^2 G Sc, then the infimum is taken over the set Ly n Sc x Sc- Since Ly is 
weakly closed and Sc is weakly compact, the intersection is weakly compact and / 
attains its minimum on it. Uniqueness follows by strict convexity of /. □ 

Let us now define the functional ^'i^.o : M*s ~^ by 



Lemma 6.4. ^ pfl is a Young function. 

Proof. It is easy to check that '^ip^ is convex, positive, ^ipfi{v) = '^ipfi{—v) 
and that ^1^,0 (^') = if and only if u = 0. We will show that \l/^,o is lower 
semicontinuous. 

To do this, we have to prove that for any C > 0, the set of all v satisiying 
^v,o{v) < C is closed. Let Vn be a sequence of elements in this set, converging to 
some V. Let u„ — — u„_ be the corresponding decompositions, then u„+, u„_ G 
Sc for all n, hence there are elements v'_f_ and v'_ in So and a subsequence = 
Vnk+~Vn^- such that Vnk+ v+ and Vn^.^ —>■ v'__ weakly. It follows that v = v'_^_—v'_ 



and "^ipfiiv) < <p) + S{v'_,ip) < liminf S'(w„^+, Lp) + S{vnk-,v) < C. 



□ 



B* 



□ 
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Suppose that v ^ 0, then ^'<p,o(w) > 0. If t > 1, then by convexity, t'i/ipfi{v) < 
'^vfi{tv), hence hnit^oo 'i'^fiitv) — oo. □ 

Let us find the corresponding Banach space. Note that 

C*^,o = {^i-^2 : cji,W2 e 6*,S'(wi,(/7) + S'(w2,¥') < !}■ 

By Proposition 16. II this impUes that if" q C C>I(^ „ C 5i — 5i and by Theorem 16. II 

(ii), b;^, c „ c b; ,. 

Proposition 6.2. || • ^ defines an equivalent norm in B^ q. 

Proof. Let ^I** q : Aig ^ M be the conjugate functional, then 
%^oih) = sup v{h) - 'f^fiiv) = 

= sup sup LUi{h) - UJ2{h) - f{uJi,UJ2) = 

= sup LUi{h) - S{uji,(p) + uj2{~'h) ~ S{LU2,'iy) = 2^ip,oih) 

It foUows that -^^fiiv) = ***o('y) = 2$* o(i^;). Since the norms || • ||* „ and || • ||<[.. ^ 
are equivalent, this finishes the proof. □ 

7. The chain rule. 

Proposition 7.1. Let h e B^, k e Ms- Then [ip^+^] = [Yp^]^], c^{h + k) = 
C[ip'i](fc) + Cip{h) and for all normal states to the equality 

(19) uj{k) - SiLO, [if'']) = c^{h + k)- c^{h) - S{u, 

holds. 

Proof. Let ft,„ G Ms be such that hn h in B^p. By the chain rule {T)), we 
have [ip''"+''] = and Cp{hn + k) = C[^h„](fc) + Cy(/i„). By Theorem lO 

c^ihn) ^ Cy(ft), c^(/i„ + fc) ^ Cp{h + k) and [(p''"] ^ [(^'^], ^ 
strongly. Now we can proceed exactly as in the proof of Theorem 12.10 in (H] to 
obtain H19|l . By putting w — [(f^^^] in this equality, we get 

[^''+^](fc) + S{[v^+% y^]) = cp{h + k)~ c^{h) > Lo{k) - Sico, [ip'^]), 

for all Lu, which implies the statement of the proposition. □ 

Theorem 7.1. Let h G B^p. Then B^^h] = B^ and S[^ph] — S^p. 

Proof. Let k ^ Ms and let e > 0. By Proposition 17. II 

C[^h^{k) = c^{h + k) - c^{h). 

Since c^p is continuous on B^p, there is a (5 > such that 

\c^{h + k) ~ c^{h)\ < log2 

if ||fc||i^ < S. It follows that l|fcl|[;pfi] < e whenever \\k\\ip < Se and this implies 
Btp E B^^h-^. In particular, h G B^^h-^. 

Let hn be a sequence converging to h in B^, then by ^ 

U){hn) ~ S{uj, ip) = c^(/i„) - S{uj, [(p^"]) 
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By Theorem 15. II and lower semicontinuity, 

u;{h) - if) < c^ih) - S{iu, [if'']) 
This imphes 5^ C 5[^fi] . 

Further, hn converges to h in B\^^h^ and by Theorem 15 . 1 1 and ProDOsition l7.ll 

[[^"J-'^] = hm[[^'']-''"] = hmb'^-'^"] = ^. 

n n 

By the first part of the proof, B\^^h^ — and ~ Sy^phy □ 
Theorem 7.2. Let h,k E B^. Then the chain rule Cip{h + k) ~ C[^fe](fc) + Cip{h), 

[[(ph]kT^ = [iph+''] holds. 

Proof. Let fc„ G A4s be a sequence converging to k in B^ = B^^hy Then 

n n 

and by Proposition l7.1l 

c^{h + fc) = hmc[^h](fc„) + c^{h) = C[^h](fc) + c^{h) 

□ 

Corollary 7.1. Let h G -Bi^ anc? let lo be a normal state. Then the equality 
uj{h) ~ S{uj, if) = c^{h) - S{uj, [if''']) 

holds. 

Proof. By and lower semicontinuity, we have 

uj{h) ~ S{uj, if) < c^{h) - S{uj, [ip'']) 
Since, by the chain rule, ip = [[f^]^'^] and C[^ph]{—h) ~ —Cip{h), we also have 

uj{-h) - S{uj, [ip'']) < C[yh](-/i) - S{uj,ip) = -c^{h) - S{uj,(f) 
which implies the opposite inequality. □ 
Corollary 7.2. Let [ip''-] = [ip''] for some h,k e B^. Then h - k = Lp{h - k). 

Proof. Let us suppose that h G B^p is such that [ip^] = p. Then [93"''] = p for 
all n G N. It follows that c^inh) ~ nip{h) ~ ncp{h) for all n and for < t < 1, we 
have by (O and convexity of that 

tcp{h) = p{th) < Cp{th) < tc^{h) 

It follows that Cp{th) = tc^{h) = tip{h) for all t > 0. Since also [p>-''] = [[p'']^''] = 
(p, we have Cip{—th) = tctp{—h) = —tip{h) for t > 0. 

It is easy to see that c^p{k — A) = c^p{k) — A for all k G B^p and A G M. Let 
A = p>{h), then it follows that 

Cp{t{h - A)) = = Cp{t{-h + A)) 

for all t > 0. This implies \\h — X\\^p = and hence h = X. 

Let now [p^] = [(p'"'], then [[(p'"']^'*] = [(p'^^'*] = p) and h — k = X = p(h -k). □ 

Note that the function : B^^ — > R corresponds to the cumulant generating 
functional in the commutative case. Let us list some of its properties. 
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Theorem 7.3. The function has the following properties. 

(i) is positive, strictly convex and continuous, c^p{0) = 0. 

(ii) Ctp is Gateaux differentiable, with c'^{h) = [ip'''] — (p 

(iii) The map 

B^fi [ip''] ~ip£ 

is one-to-one and norm to (y{B^ q, B^q)- continuous. 

Proof (i) By Corollary O c^{h) = S{ip, [ip'']) > and c^(0) = by definition. 
Let now h,k Q and < A < 1 be such that 

c^{\h + (1 - \)k) = Xc^ih) + (1 - A)c^(fc). 

Then 

sup5^ X{Luih) - Situ, ip)) + (1 - X)iuj{k) - S{lu, ^)) = 
— X snp{Lu{h) — S{uj, lys)) + (1 — A) sup(a;(fc) — S{lli, ip)) 

This implies that the maximum in both expressions on the right hand side is at- 
tained at the same point. Therefore [ip'''] ~ [tp'^], hence h ~ k ^ ip{h — fc) = 0. 

(ii) By Theorem 15 .11 [ip'^] — ip is the unique element in B* q, such that 

i[p,'^]-p){h) = c^ih) + c;i[ip^]~ip). 

By this implies that is Gateaux differentiable in h with derivative c'^(/i) = 

(in) Let /i„ ^ h in B^, then [</?''"] converges strongly to [ip'^] and S{[(p'^"],(p) — > 
S{[ip'''],ip). It follows that [ip'^"]{k) [ip'^]{k) for each k e Ms and moreover, the 
set {[(p'^"],n G N} is equicontinuous in B*. This implies that [(^''"](A;) [ip'^]{k) 
for all k G B^. The map is one-to-one by Corollarv l7.2l 

□ 

8. A MANIFOLD STRUCTURE ON FAITHFUL STATES. 

Recall that a C^-atlas on a set X is a family of pairs {{Ui, e^)}, such that 

(i) U^CX for aU i and UU^^X. 

(ii) For all i, Ci is a bijection of Ui onto an open subset CiiUi) in some Banach 
space Bi, and for i,j, ei{Ui fl Uj) is open in Bi. 

(iii) The map e-jc'^ : ei{Ui HUj) ej{Ui Pi Uj) is a C^- isomorphism for all 
hj- 

Let .F* be the set of faithful normal states on M. For G JT^, let V^p be the 
open unit ball in B^p o and let s^ : ^ be the map h ^ \p^^\- By Corollary 
Sip is a bijection onto the set Sipiy^) —: U^ C S^p. Let be the restriction of 
to U^. Then we have 

Theorem 8.1. {{U^,e^),ip G is a C°° -atlas on JT^. 
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Proof. The property (i) and the first part of (ii) of the definition of the atlas 
are obviously satisfied. Let fi,(p2 € J-^, be such that U^-^ fl U^^ ^ 0. We prove that 
BipAUipi n 11^2) is open in -8^1,0- 

Let hi G Btpj (C/i^j nC/,^2). Then there is some /i2 G B^^^o, such that [ipi^] = [<P2^]. 
By Theorem 17. II B^^ — B^^h^^ ~ ^[ip!"^] ~ ^^'^ ^-^ chain rule, (pi = [</'2]) 
where fc = /i2 — /ii + ip2{hi) G B^^^. Clearly, the map i3i^i,o given by 

h <—>■ h — ((32 (ft.) is continuous. 

Let £ > be such that /i2 + ^2 G K=2 whenever II/I2IIV2 < ^ ^-^id let us choose 
S > such that /ii + h[ G T^^^ and — V2{h'i)\\^2 < ^ foi" ll^illvi < For such 
h[, we have 

Syi(ftl +fti) = [y^i ] = [<y52 1 = ^2 '"]£U^,nU^^ 

This proves that s^^{Uip^ U^p^) is open in B^^^ q- It is also clear that the map 
5^2 : s~l{U^^ n L/yJ s~^^(C^¥'i n u^^) 

h k + h — </32(ft) 

is C°°, which proves (iii). □ 

It is not difficult to see that for ip G J^^, the set := {[(fi^], h G B^^q} is a 
connected component of the manifold. Let us now define a family of mappings 

t^Sva ■■ B^^fl 3 h ^ h - ip2{h) e B^2,o, ^1,^2^ 

It is clear that this defines a parallel transport on the tangent bundle of and 
the associated globally flat afhne connection is the exponential connection, 0]. 

Let us recall that the dual connection is defined on the cotangent bundle T*T^ 
by means of the parallel transport {(t^c^2'',¥'i)*: ^it G -^i^li where 

and the duality is given by (u, h) = v[h). Since v[h — ipi{h)) — v{h) for all ^pi, the 
dual parallel transport is 

which corresponds to the mixture connection. 
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